Let F be an affine flat group scheme over a commutative ring R, and S an F -algebra (an R-algebra on which F acts). We define an equivariant analogue Q F (S) of the total ring of fractions Q(S) of S. It is the largest F -algebra T such that S ⊂ T ⊂ Q(S), and S is an F -subalgebra of T . We study some basic properties.
Introduction
Throughout this paper, k denotes a field, and G denotes an affine smooth algebraic group over k.
Let S be a G-algebra. That is, a k-algebra with a G-action. Study of ring theoretic properties of the invariant subring S G is an important part of invariant theory. In this paper, we discuss the factoriality of S G . Popov [Pop2, p. 376 ] remarked the following: Theorem 1.1 (Popov) . Let k be algebraically closed. If (i) S is a UFD;
(ii) the character group X(G) of G is trivial; and (iii) One of the following hold:
(a) S is finitely generated and G is connected; or
Then S G is a UFD.
Some variation of the theorem for the case that (b) is assumed is treated in [Hoc] . The case that G is a finite group and S is a polynomial ring is found in [Sm, (1.5.7) ].
Our main objective is to generalize this theorem, focusing the case that (a) is assumed. Our main theorem is the following.
Theorem 4.25 Let S be a finitely generated G-algebra which is a normal domain. Assume that G is connected. Assume that X(G) → X(K ⊗ k G) is surjective, where K is the integral closure of k in S. Let X 1 G (S) be the set of height one G-stable prime ideals of S. Let M(G) be the subgroup of the class group Cl(S) of S generated by the image of X 1 G (S). Let Γ be a subset of X 1 G (S) whose image in M(G) generates M(G). Set A := S G . Assume that Q G (S) G ⊂ Q(A). Assume that if P ∈ Γ, then either the height of P ∩ A is not one or P ∩ A is principal. Then for any G-stable height one prime ideal Q of S, either the height of Q ∩ A is not one or Q ∩ A is a principal ideal. In particular, A is a UFD. If, moreover, X(G) is trivial, then S G = A is a UFD.
Here Q G (S) is the largest G-algebra contained in the field of fractions Q(S) such that S is a G-subalgebra of Q G (S). S G (resp. Q G (S) G ) is the k-subalgebra of S (resp. Q G (S)) generated by the semiinvariants of S (resp. Krull domains. We also give some basic results on group actions on rings.
In section 3, we introduce Q G (S), and study basic properties of it.
In section 4, we give the main results on factoriality of the rings generated by the semiinvariants or invariants.
In section 5, we discuss when Q(S G ) = Q(S) G holds for a G-algebra domain S. This problem was called the Italian problem in [Muk, (6.1) ]. Proposition 5.1 shows that under the assumption of Theorem 1.1, Q(S G ) = Q(S) G holds. We also give a criterion of Q(S G ) = Q(S) G , using the comparison of the maximum dimension of orbits and tdeg k Q(S) − tdeg k Q(S G ) (Corollary 5.9). This criterion will be useful in section 6.
In section 6, we give four examples. The first one is an example of Theorem 4.25. The second one shows that there is a finitely generated UFD S over an algebraically closed field k and a finite group G acting on S such that there is no nontrivial group homomorphism G → S × , but S G is not a UFD. So in Theorem 1.1, the assumption (iii) cannot be removed. The third example shows that the condition on the character group imposed in the statement of Lemma 4.13 is really necessary. The fourth example shows that the surjectivity of X(G) → X(K ⊗ k G) in Corollary 4.27 cannot be removed.
It is natural to ask what we can say about [Pop2, Remark 3, p . 376] when we consider non-algebraically closed base field. Although we gave some partial results in this paper, the author does not know the complete answer. In particular, the author cannot answer the following question. Question 1.2. Let k be a field (not necessarily algebraically closed), and G an affine algebraic group over k. Assume that the character group X(k ⊗ k G) is trivial. Let S be a G-algebra UFD with S × ⊂ S G . Then is S G a UFD?
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Preliminaries
(2.1) Let B be a commutative ring. The set of height one prime ideals of B is denoted by X 1 (B).
(2.2) Let k be a field, S a finitely generated k-algebra which is a normal domain. Let k ⊂ K ⊂ Q(S) be an intermediate field, where Q(S) is the field of fractions of S. Set A := K ∩ S.
Lemma 2.3. Let k, S, K, and A be as above. There are only finitely many height one prime ideals P of S such that ht(P ∩ A) ≥ 2.
Proof. Replacing K by Q(A) if necessary, we may assume that K = Q(A).
There is a finitely generated normal k-subalgebra B of A such that Q(B) = Q(A) = K. Let W := {P ∈ Spec S | S P is not flat over B}, and Z the image of W by the canonical map Spec S → Spec B. Then W is closed in Spec S, and Z is constructible in Spec B [Mat, Theorem 6] . As a vector space over a field is flat and a torsion free module over a DVR is flat, the closureZ of Z has codimension at least two in Spec B. There are only finitely many subvarieties of codimension one in Spec S which are mapped toZ. So it suffices to prove that if P is a height one prime ideal of S such that V (P ∩ B) ⊂Z, then ht(P ∩ A) ≤ 1. Consider the local homomorphism B P ∩B ֒→ A P ∩A ⊂ K. If ht(P ∩ B) = 0, then B P ∩B = K and this forces A P ∩A = K, and ht(P ∩ A) = 0. If ht(P ∩ B) = 1, then B P ∩B is a DVR with Q(B P ∩B ) = K. Since the map B P ∩B ֒→ A P ∩A is local, B P ∩B = A P ∩A , and hence ht(P ∩ A) = 1. ht(P ∩ B) ≥ 2 cannot happen by flatness.
(2.4) Let k, S, K, and A be as above. For p ∈ X 1 (A), we define X 1 (p) = {P ∈ X 1 (S) | P ∩ A = p}.
Note that X 1 (p) is finite. For P ∈ X 1 (p), define m(P ) by pS P = P m(P ) S P . Let v P be the normalized discrete valuation associated with P ∈ X 1 (S). For a subset I of S, define v P (I) = inf{v P (x) | x ∈ I}. Note that IS P = (P S P ) v P (I) , where (P S P ) −∞ = Q(S), and (P S P ) ∞ = 0. Thus m(P ) = v P (p) for p ∈ X 1 (A) and P ∈ X 1 (p). An S-submodule I of Q(S) is a divisorial fractional ideal if and only if v P (I) ∈ Z for any P ∈ X 1 (S), v P (I) = 0 for only finitely many P , and I = P ∈X 1 (S) (P S P ) v P (I) (in case S is a field, the right hand side should be understood to be S = Q(S). We use this convention in the sequel).
(2.5) For a Krull domain B, the class group of B, denoted by Cl(B), is the Z-free module Div(B) := P ∈X 1 (B) Z · P with the free basis X 1 (B) (the basis element corresponding to P ∈ X 1 (B) is denoted by P ), modulo the subgroup Prin(B) := {div(a) | a ∈ Q(B) \ {0}}, where div a = P ∈X 1 (B) v P (a) P . That is, Cl(B) := Div(B)/ Prin(B). The class of D ∈ Div(B) in Cl(B) is denoted byD. For D = P c P P ∈ Div(B), we can associate a divisorial fractional ideal I(D) := P (P A P ) −c P = {a ∈ Q(B) \ {0} | D + div a ≥ 0} ∪ {0},
where for D ′ = P c ′ P P ∈ Div(B), we say that D ′ ≥ 0 if c ′ P ≥ 0 for all P ∈ X 1 (B). The map D → I(D) induces an isomorphism between Div(B) and the group of divisorial fractional ideals DF(B) of B, where for I, J ∈ DF(B), the sum of I and J in DF(B) is defined to be B : Q(B) (B : Q(B) IJ). Note that I induces an isomorphismĪ between Cl(B) and the group of the isomorphism classes of the divisorial fractional ideals Cl ′ (B) of B. We identify Cl(B) and Cl ′ (B) viaĪ. For a divisorial fractional ideal I of B, the class of I in Cl ′ (B) is denoted by [I] . If I = P (P A P ) c P , then [I] = P c P [P ] . Note that
Lemma 2.6. Let I be a divisorial fractional ideal of S. Assume that I ∩Q(A) is a divisorial fractional ideal of A.
(i) If P ∈ X 1 (S) and P ∩ A = 0, then v P (I) ≤ 0.
(ii) I ∩ Q(A) = p∈X 1 (A) (pA p ) np , where n p = n p (I) = max{⌈v P (I)/m(P )⌉ | P ∈ X 1 (p)}, where ⌈?⌉ is the ceiling function.
But as we assume that I ∩ Q(A) is a fractional ideal (in particular, nonzero), this is absurd.
(ii) Note that
For P ∈ X 1 (S) such that P ∩A = 0, v P (I) ≤ 0 by (i), and hence (P S P ) v P (I) ∩ Q(A) = Q(A), and such a P can be removable from the intersection. Set
The opposite inclusion is trivial, and hence
This immediately leads to
As v P (I) ∈ Z for P ∈ X 1 (S), and v P (I) = 0 for only finitely many P , it follows that n p ∈ Z for p ∈ X 1 (A), and n p = 0 for only finitely many p. In particular, J 1 is a divisorial fractional ideal, and v p (J 1 ) = n p for p ∈ X 1 (A). It suffices to show that I ∩ Q(A) = J 1 . As the both hand sides are divisorial fractional ideals, it suffices to show that (I ∩ Q(A)) p = (J 1 ) p for any p ∈ X 1 (A). As I ∩ Q(A) = J 1 ∩ J 2 , this is equivalent to say that (J 2 ) p ⊃ (J 1 ) p for any p.
Now first consider the case that J 1 ⊂ A. That is to say, n p ≥ 0 for any p ∈ X 1 (A). Then it suffices to show that (J 2 ) p ⊃ A p , since (J 1 ) p ⊂ A p . As the intersection in (1) is finite by Lemma 2.3, It suffices to show that ((P S P ) v P (I) ∩ Q(A)) p ⊃ A p for any P ∈ X 1 (S) such that ht(P ∩ A) ≥ 2, and any p ∈ X 1 (A). But this is trivial, since P n ∩ A ⊃ (P ∩ A) n ⊂ p for n ≥ 0. Now the lemma is true for I such that J 1 ⊂ A.
Next consider the general case. Take a ∈ A \ {0} such that aJ 1 ⊂ A.
It is easy to see that n p (aI) = n p (I) + c(p). Or equivalently, J 1 (aI) = aJ 1 (I). So the lemma is true for aI. That is, aI ∩ Q(A) = J 1 (aI) = aJ 1 (I). So I ∩ Q(A) = a −1 (aI ∩ Q(A)) = a −1 aJ 1 (I) = J 1 (I), and the lemma is also true for this general I.
Lemma 2.7. Let R be a commutative ring, C an R-coalgebra, and A → C * be a universally dense R-algebra map. That is, an R-algebra map such that for any R-module M, θ M : M ⊗C → Hom R (A, M) ((θ M (m⊗c))(a) = (ac)·m) is injective. A (right) C-comodule is a (left) C * -module, and it is an A-module. Let V be a C-comodule and W its R-submodule. Then W is a C-subcomodule of V if and only if it is an A-submodule.
Proof. Note that C is R-flat [Has, (I.3.8.4) ]. Consider the map ρ :
where ι : W → V is the inclusion, and π : V → V /W is the projection. W is a C-subcomodule of V if and only if ρ is zero. On the other hand, W is an A-submodule of V if and only if
Lemma 2.8. Let R be a commutative ring, and C an R-flat coalgebra. Let V be a C-comodule, and W its R-submodule. Let R ′ be an R-algebra.
Proof. If ρ : W → V /W ⊗ R C in the proof of Lemma 2.7 is zero, then so is the base change ρ ′ :
The converse is true, if R ′ is faithfully flat over R.
(2.9) Let R be a commutative ring. A sequence of R-group schemes
is said to be exact, if ϕ(X) = Ker ψ as R-subfaisceaux of Y , see [Jan, (I.5.5) ].
Lemma 2.10. Let R be a Noetherian commutative ring, and
an exact sequence of affine flat R-group schemes. Then (i) ϕ is a closed immersion.
(ii) ψ is faithfully flat, and
Proof. (i) This is because N = Ker ψ is the equalizer of the two morphisms ψ and the trivial map, and T is R-separated.
(ii) This is [Jan, (I.5.7) ].
(iii) Consider the augmented cobar complex
For any algebraically closed field K which is an R-algebra, (3) base changed to K is a short exact sequence of affine algebraic K-group schemes. As
. It follows that (4) base changed to K is exact. By [Has2, Corollary 3] , for any R-module V ,
with a subcoalgebra of R[F ] (for the definition of a subcoalgebra, see [Has, (I.3.6 
. By (iii), this is equivalent to say that the composite map
is the coproduct. By the coassociativity, this map agrees with
and this map sends m to ω(m) ⊗ 1 by the definition of
, where S denotes the antipode of R[F ], and we are employing Sweedler's notation, see [Has, (I.3.4) ], for example. In order to
is the image of (m) m 0 ⊗ ρ(m 1 ) by the map
Since ρ factors through R[N] and decompose like ρ =ρϕ
To conclude the proof, it suffices to prove that
. This follows from a straightforward diagram chasing of the commutative diagram with exact rows and columns
The rows are exact, since
is exact and and R[N] are R-flat, where ι(m) = m ⊗ 1. The columns are exact by (iii). This completes the proof of (iv).
(2.11) Until the end of this paper, let k be a field, and G an affine algebraic k-group. That is, an affine algebraic k-group scheme that is smooth over k. Let H be an affine algebraic k-group scheme. For a k-algebra A, let us denote H(A) the group of A-valued points of H. However, if G is a finite (constant) group (over k), then the group G(k) is sometimes simply denoted by G by an obvious reason. Let H M denote the category of H-modules. The coordinate ring of H is denoted by k [H] . For an abstract group Γ, let Γ M denote the category of kΓ-modules, where kΓ is the group ring of Γ over k. Letk and k sep respectively denote the algebraic and the separable closure of k. The characteristic of k is denoted by char(k).
Lemma 2.12. Assume that G(k) is dense in G with respect to the Zariski topology. Then
M is full and faithful.
(ii) For a G-module V and its subspace W , W is a G-submodule of V if and only if it is a G(k)-submodule. [Has, (I.3.9 
* is universally dense. By [Has, (I.3.10. 3)], the first assertion (i) follows. The assertion (ii) is a consequence of Lemma 2.7. We prove (iii).
by (i).
Lemma 2.13. Let H be an affine algebraic k-group scheme. Then the identity component (that is, the connected component of H containing the image of the unit element Spec k → H) H • is a normal subgroup scheme of H. H
• is geometrically irreducible. In particular, if H is connected, then H is geometrically irreducible. Proof. The case that H is smooth is [Bor, (I.1.2) ].
Next we consider the case that k is perfect. Set E = H red . Then E is a closed subgroup scheme of H, and is smooth. Clearly, E ֒→ H is a homeomorphism, and E • is identified with (H
• is an open subscheme of H and E
• is set theoretically the same as
• is a normal subgroup scheme of H. Finally, as E • is geometrically irreducible, H
• is so. Next consider the general case. Let K be the smallest perfect field containing k. Then the canonical map ρ :
As it is a normal K-subgroup scheme of K ⊗ k H and is geometrically irreducible, H
• is a normal k-subgroup scheme of H and is geometrically irreducible.
The last assertion is trivial.
(2.14) Let X 0 be a scheme, and F a flat X 0 -group scheme. Let X be an F -scheme. For an ideal (quasi-coherent or not) I of O X , the sum of all the F -stable quasi-coherent ideals of I is the largest F -stable quasi-coherent ideal of O X contained in I. We denote this by I * as in [HM, section 4] . If Y is a closed subscheme of X and Y = V (I), then we denote V (I * ) = Y * . Note that Y * is the smallest F -stable closed subscheme of X containing Y . If S is an F -algebra and I is an ideal of S, there is a unique largest F -stable ideal I * contained in I.
Lemma 2.15. Let X 0 be a scheme, F a flat quasi-separated X 0 -group scheme of finite type with connected (resp. smooth, smooth and connected) fibers. Let X be an F -scheme, and Y a closed subscheme of X. Then the scheme theoretic image of the action a Y : Lemma 2.16. Let H be a connected affine k-group scheme, and S an Halgebra. If e is an idempotent of S, then e ∈ S H .
Proof. Let V be a finite dimensional H-submodule of S containing e, and S 1 the k-subalgebra of S generated by V . Then S 1 is of finite type and e ∈ S 1 . So replacing S by S 1 , we may assume that S is of finite type. Set X = Spec S, X 1 = Spec Se and X 2 = Spec S(1 − e). Both X 1 and X 2 are closed open subsets of X, and X = X 1 X 2 . For any irreducible component Y of X 2 , Y * is irreducible by Lemma 2.15. As Y is an irreducible component of X and Y ⊂ Y * , we have that Y * = Y , set theoretically. So H × X 2 → X factors through X 2 , set theoretically. As X 2 is an open subscheme, this shows that X 2 is H-stable. That is, the action H × X 2 → X factors through X 2 . On the other hand, X 2 is a closed subscheme of X defined by the ideal Se. So Se is an H-stable ideal. That is, the coaction ω : S → S ⊗k[H] maps Se to Se⊗k [H] . Similarly, ω(1−e) ∈ S(1−e)⊗k [H] . So ω(e) = (e ⊗ 1)ω(e) = (e ⊗ 1)ω(1 − (1 − e)) = e ⊗ 1 − (e ⊗ 1)(ω(1 − e)) = e ⊗ 1, as desired.
(2.17) Let A be a k-algebra. We say that A is geometrically reduced over k if K ⊗ k A is reduced for any finite extension field K of k. This is equivalent to say that A is reduced, if char(k) = 0. If char(k) = p > 0, this is equivalent to say that k −p ⊗ k A is reduced. When A is a field, A is separable over k if and only if it is geometrically reduced over k.
Clearly, A is geometrically reduced if and only if any finitely generated k-subalgebra of A is geometrically reduced. Any localization of a geometrically reduced algebra is again geometrically reduced. In particular, A is geometrically reduced over k if and only if Q(A) is geometrically reduced over k.
Let A be a reduced k-algebra which is integral over k. We say that a ∈ A is separable over k if f (a) = 0 for some monic polynomial f (x) ∈ k[x] without multiple roots. The set of separable elements of A is the largest geometrically reduced k-subalgebra of A.
Lemma 2.18. Let K be a G-algebra which is a finite direct product of finite algebraic extension fields of k. If G is connected, then the action of G on K is trivial.
Proof. Taking the base change and replacing k by its separable closure, we may assume that k is separably closed. It is obvious that the set of separable
, and L is a G-subalgebra of K by (2.12).
As L ∼ = k n as a k-algebra for some n, L is spanned by its idempotents as a k-vector space. As G is connected, L is G-trivial by Lemma 2.16.
Next, we prove that K is G-trivial. Of course we may assume that k is of positive characteristic, say p. For any α ∈ K, there exists some
be the set of height one graded prime ideals. Let Div gr (B) be the free abelian group with the free basis X 1 gr (B). Let Prin gr (B) be the subgroup {div a | a is nonzero homogeneous}.
Note that Prin gr (B) ⊂ Div gr (B). Indeed, if a ∈ B \ {0} is homogeneous and P is a minimal prime of a, then P is of height one. Unless P is homogeneous, P P * , and P * is a prime ideal by Lemma 2.15 applied to the action of the split torus G n m . This shows P * = 0 and contradicts a ∈ P * . Proof. First we show that θ is injective. It suffices to show that for f ∈ B \ {0}, if div f ∈ Div gr (B), then f is homogeneous. Let Γ be the multiplicatively closed subset of B consisting of all the nonzero homogeneous elements of B.
Note that the canonical map Div(B) → Div(B Γ ) kills all the homogeneous height one prime ideals, while for any inhomogeneous height one prime P , P goes to the basis element
Γ . On the other hand, a unit of a Z n -graded domain is homogeneous, and hence f is homogeneous.
We prove that θ is surjective. Let P ∈ X 1 (B). Since B Γ is a Laurent polynomial algebra over a field, B Γ is a UFD. So P B Γ = B Γ f for some prime element f of B Γ . This shows that P − div f ∈ Div gr (B). Hence P ∈ Im θ. So θ is surjective.
Corollary 2.21. Let B be as above. If any nonzero homogeneous element is either a unit or divisible by a prime element, then B is a UFD.
Proof. Let w : Div(B) → Z be the map given by w( P c P P ) = P c P .
Using induction on w(div b), we prove that any nonzero homogeneous element b of B is either a unit or has a prime factorization. If w(div b) = 0, then b is a unit. If w(div b) > 0, then b is not a unit, and b = pb ′ for some prime element p ∈ B and b ′ ∈ B. Note that both p and b ′ are homogeneous, since b is homogeneous. As
′ is either a unit or a product of prime elements, and we are done. Now let P be any homogeneous height one prime ideal. Then take a nonzero homogeneous element b ∈ P . As b is a product of prime elements, there exists some prime element p which lies in P . As P is height one, P = Bp is principal. As any homogeneous height one prime ideal is principal, B is a UFD by Lemma 2.20.
Lemma 2.22. Let B be a Z n -graded domain. If any nonzero homogeneous element of B is either a unit or a product of prime elements, then B is a UFD.
Proof. In view of Corollary 2.21, it suffices to show that B is a Krull domain.
Let Γ be the set of nonzero homogeneous elements of B. Then B Γ is a Laurent polynomial ring over a field. As B Γ is a Noetherian normal domain, B Γ = P (B Γ ) P , where P runs through the set of height one prime ideals of B Γ .
We prove that B = P (B Γ ) P ∩ B πB , where πB runs through the principal prime ideals of B generated by homogeneous prime elements. Let b/s be in the right hand side, where b ∈ B and s ∈ Γ. We may assume that for each π, if π divides b, then π does not divide s. Then s is a unit of B, and b/s ∈ B, as desired.
An element b of B lies in only finitely many P (B Γ ) P . On the other hand, if b lies in πB, then each homogeneous component of b lies in πB. This shows that b lies in only finitely many πB πB .
As (B Γ ) P is obviously a DVR, it remains to show that B πB is a DVR. To verify this, n≥0 π n B πB = 0 is enough. So b/c ∈ B πB \ {0} with b ∈ B \ {0} and c ∈ B \ πB. Note that b ∈ π n B if and only if each homogeneous
3. Equivariant total ring of fractions (3.1) For a ring B, let us denote the set of nonzerodivisors of B by B ⋆ . The localization of B by the multiplicatively closed subset B ⋆ is denoted by Q(B), and called the total ring of fractions of B.
(3.2) Let R be a commutative ring, F an affine flat R-group scheme, and S an F -algebra. Let ω : S → S ⊗R[F ] be the coaction, where R[F ] denotes the coordinate ring of F . Then ω is a flat ring homomorphism. So
subring of Q(S). We denote this subring by Q(S)
F (this notation does not mean that F acts on Q(S)). It is easy to see that
F is a subfield of Q(S), see [Muk, Definition 6 .1]. Note also that Q(S)
, where the right hand side is the ring of invariants of Q(S) under the action of the abstract group G(k).
is injective, where ζ is the injective k-linear map given by ζ(f ⊗ ρ)(g) = (ρ(g))f . As ξ(F )(g) = ϕ g (F ) = 0 for any g ∈ G(k), ξ(F ) = 0. So F = 0 by the injectivity of ξ.
(3.4) Let the notation be as in (3.2). Let Ω = Ω(S) be the set of R-
, and we call Q F (S) the F -total ring of fractions. Note that Q F (S) is the largest element of Ω. It is easy to see that
(3.5) Let R be a commutative ring, F a flat R-group scheme, and R ′ an R-algebra on which F acts trivially. Then we can identify an
Similarly, to say that S is an R ′ -algebra F -algebra such that the canonical map R ′ → S is an F -algebra map is the same as to say that S is an
Lemma 3.6. Let R, F , and S be as in (3.2). Let M be an S-submodule of Q(S) such that M ⊃ S. Then the following are equivalent.
(ii) There is an (F, S)-module structure of M such that the inclusion S ֒→ M is F -linear.
(iii) There is a unique (F, S)-module structure of M such that the inclusion S ֒→ M is F -linear.
In this case, the unique (F, S)-module structure of M as in (iii) is given by
It is also the induced submodule structure coming from (iv).
where
is injective, (a) is commutative. In other words, S ֒→ M is F -linear. The commutativity of (a)+(b) shows that ω ′ is an S-algebra map, where the S-algebra structure of
By the commutativity of (b), it is easy to see that ω 1 is S-linear. This shows that M is an (R[F ], S)-Hopf module. In other words, M is an (F, S)-module.
(ii)⇒(iii), (i) Let us consider the diagram (5), where ω 1 is the given comodule structure of M. Then (a) is commutative. Let b/a ∈ M, where
, it is an (F, S)-submodule if and only if (i) holds. Now the equivalence of (i)-(iv) has been proved. The unique (F, S)-module structure of M as in (iii) is given by ω ′ | M by the proof of (ii)⇒(iii). This agrees with the induced submodule structure coming from (iv), since the coaction of Q F (S) is also the restriction ω
Lemma 3.7. Let R, F , and S be as in (3.2).
Proof. Set C to be the left hand side. As ω
Consider the composite map
where ∆ :
is the coproduct. Also consider the map
Then ρ and ρ ′ are R-algebra maps, and ρ| S = ρ ′ | S by the coassociativity law on the R[F ]-comodule S. It follows easily that ρ = ρ ′ . This shows that
It follows immediately that C ⊂ Q F (S). Hence C = Q F (S), as desired.
Corollary 3.8. Let R, F , and S be as in (3.2). Assume that S is Noetherian and F is finite over R. Then Q F (S) = Q(S).
Proof. Note that every maximal ideal of Q(S) is an associated prime of zero.
Lemma 3.9. Let X 0 be a scheme, F a smooth X 0 -group scheme of finite type, and X a Noetherian reduced X 0 -scheme with an action of F . Let ϕ : X ′ → X be the normalization of X. Then there is a unique F -action of F on X ′ such that ϕ is an F -morphism.
Proof. Note that F × X 0 X ′ is Noetherian normal, and the composite
where a is the action of F on X. Thus by the universality of the normalization, there is a unique map a ′ :
The associativity also holds, and a ′ is an action, as desired.
Corollary 3.10. Let R be a commutative ring, F an affine smooth R-group scheme of finite type, and S a Noetherian reduced F -algebra. Then the integral closure S ′ of S in Q(S) has a unique F -algebra structure such that the inclusion S ֒→ S ′ is an F -algebra map. In particular,
Proof. The first assertion is obvious by Lemma 3.9. The second assertion follows from the first and Lemma 3.6.
Lemma 3.11. Let R be a commutative ring, F an affine flat R-group scheme, and S a Noetherian F -algebra. Then Q F (S) = I S : Q(S) I, where I runs through the all F -ideals of S containing a nonzerodivisor. For each I, S : Q(S) I is an (F, S)-submodule of Q F (S), and the canonical map ϕ :
Proof. Let I be an F -ideal of S containing a nonzerodivisor. The diagram
is commutative, where ϕ(α)(a) = αa, and ι * is the pull back with respect to the inclusion map ι : I ֒→ S. As in [Has, (I.5.3.4) ], Hom S (S, S) and Hom S (I, S) are (F, S)-modules, and ι * is an (F, S)-linear map. Note that the isomorphism ϕ : S → Hom S (S, S) is (F, S)-linear. By the commutativity of the diagram, S : Q(S) I possesses an (F, S)-module structure such that the inclusion S ֒→ S : Q(S) I is (F, S)-linear, and ϕ : S : Q(S) I → Hom S (I, S) is an (F, S)-isomorphism. By Lemma 3.6, S :
Next we show that Q F (S) ⊂ I S : Q(S) I. Let α ∈ Q F (S). Then there is an S-finite (F, S)-submodule M of Q F (S) containing α and 1 by [Has, (I.5.3.11) ]. Then I := S : S M is an ideal of S containing a nonzerodivisor. Being the kernel of the F -linear map S → Hom S (M, M/S), I is an F -ideal, and α ∈ S : Q(S) I.
Corollary 3.12. Let R, F , and S be as in Lemma 3.11. Let I and J be F -ideals of S. If J contains a nonzerodivisor, then I :
Proof. As the diagram
) is bijective, and Hom S (J, I) is an (F, S)-submodule of Hom S (J, S), I : Q(S) J is an (F, S)-submodule of S : Q(S) J, which is an (F, S)-submodule of Q F (S). Hence I : Q(S) J is an (F, S)-submodule of Q F (S). 
there is a largest U such that f ∈ Γ(U, O Spec S ). We denote this U by U(f ), and call it the domain of definition of f .
(3.14) If S is not Noetherian, even if S → Γ(U, O Spec S ) is injective, the ring of sections Γ(U, O Spec S ) may not be a subring of Q(S). Let k be a countable field, and S = k[x 1 , y 1 , x 2 , y 2 , . . .]/J, where J is the ideal generated by x i y j with j ≥ i, and y i y j with j ≥ i. Let I := (x 1 , y 1 , x 2 , y 2 , . . .), and U := D(I). Then it is easy to see that Γ(U, O Spec S ) = lim ← − S/J i is uncountable, where J i is generated by J and {y j | j ≥ i}. On the other hand, Q(S) is countable, and so Γ(U, O Spec S ) cannot be a subring of Q(S).
Lemma 3.15. Let S be a Noetherian ring, and h ∈ Q(S). For f ∈ S, we have h ∈ n≥0 S : Q(S) f n if and only if
Proof. Assume that U(h) ⊃ D(f ). Then h/1 ∈ S[1/f ] makes sense, and we can write
Lemma 3.16 (cf. [Har, Appendix, Proposition 4] ). Let S be a Noetherian ring, and I an ideal of S which contains a nonzerodivisor. Set U := D(I) = Spec S \ V (I). Then as a subset of Q(S), we have
Proof. Let I = (f 1 , . . . , f r ). By Lemma 3.15,
Lemma 3.17. Let R, F , and S be as in Lemma 3.11. Let U be an open subset of Spec S. Then U is F -stable if and only if U = D(I) for some F -stable ideal I of S.
Proof. The 'if' part is obvious. We prove the 'only if' part. Let U be an [HO, (8. 3)], where J * is the largest F -stable ideal of S contained in J.
Lemma 3.18. Let R, F , and S be as in Lemma 3.11.
Proof. Note that for each U, Γ(U, O Spec S ) is an F -algebra, and the map
is an F -algebra map. It follows that lim − → Γ(U, O Spec S ) is an F -algebra, and the canonical map
. By Lemma 3.11, it suffices to show that S : Q(S) I ⊂ Γ(D(I), O Spec S ) for any F -ideal I containing a nonzerodivisor. This is Lemma 3.16.
Lemma 3.19. Let R be a commutative ring, F a flat affine R-group scheme, and S a Noetherian normal F -algebra. Then f ∈ Q(S) lies in Q F (S) if and only if f /1 ∈ S P for any height one prime ideal of S such that P * does not contain a nonzerodivisor, where P * is the largest F -ideal of S contained in P . In particular, Q F (S) is a finite direct product of Krull domains. In particular, Q F (S) is integrally closed in Q(S).
Proof. We prove the 'if' part. Let P 1 , . . . , P n be the height one prime ideals such that f /1 / ∈ S P i . For each i, there exists some m(i) such that P
m(i) , I(f /1) ∈ S P for any height one prime ideal of S. Thus If ⊂ S, and I is an F -ideal of S containing a nonzerodivisor. Hence, f ∈ S : Q(S) I ⊂ Q F (S).
We prove the 'only if' part. So let f ∈ Q F (S). Then by Lemma 3.11, f ∈ S : Q(S) I for some F -ideal I of S containing a nonzerodivisor. Let P be a height one prime of S such that (f /1) / ∈ S P . This implies I ⊂ P , since If ∈ S. As I is an F -ideal, I ⊂ P * , and P * contains a nonzerodivisor.
Corollary 3.20. Let R be a commutative ring, F an affine smooth R-group scheme of finite type, and S a Noetherian reduced Nagata F -algebra. Then Q F (S) is a finite direct product of Krull domains.
Proof. Note that S ′ is a Noetherian normal F -algebra. On the other hand,
. By Lemma 3.19, the assertion follows.
Lemma 3.21. Let k be a field, and H an affine algebraic k-group scheme of finite type. Let X be a Noetherian H-scheme, and Y a primary (i.e., irreducible and (S 1 )) closed subscheme of X. Proof. As Y is primary, Y * is H-primary, and it does not have an embedded component by [HM, (6.2) ]. As Y is primary, Y ′ is primary by [HM, (6.23) 
* is the scheme theoretic image of the compositeH ×kȲ
where α is the action, and p is the projection. Note that there exist somek-valued points h 1 , . . . , h r ofH such that
• , where h 1 = e is the identity element. Let W i be the scheme theoretic image of α : h iH
• ×kȲ →X, and V i be the scheme theoretic image of p :
where v i is the generic point of V i . But p −1 (v i ) is zero-dimensional, as p is an integral morphism.
As the action of h i induces an isomorphism OX ,(
we are done. Example 3.22. Let R = k be a field, F = H be of finite type over k. Let S be an H-algebra which is a Noetherian normal domain. Then for a height one prime ideal P of S, P * , the largest H-ideal of S contained in P , contains a nonzerodivisor (or equivalently, nonzero) if and only if P ′ , the largest H
• -ideal of S contained in P , contains a nonzerodivisor. As P ′ is a primary ideal by [HM, (6.23) ] and P ′ ⊂ P , it is P -primary or 0-primary. So P ′ = 0 if and only if P ′ is P -primary. If P ′ is P -primary, as P * does not have an embedded prime and P is an associated prime of P * by Lemma 3.21, 0 is not an associated prime of P * . Thus P * = 0. If P ′ is not P -primary, P ′ = 0, and hence P * = 0. By Lemma 3.19, we have Q H (S) = Q H • (S). This shows that the finite group scheme H/H
• acts on Q(S) H • in a natural way. Indeed,
Lemma 3.23. Let ϕ : H ′ → H be a surjective homomorphism of affine algebraic k-group schemes. Let S be a Noetherian normal H-algebra domain. Then Q H ′ (S) = Q H (S).
Proof. Let P be a height one prime ideal of S. Let P * and P ′ denote the largest H-stable and H ′ -stable ideal contained in P , respectively. By assumption, √ P * = √ P ′ . So P * is nonzero if and only if P ′ is nonzero. By Lemma 3.19, we are done.
Lemma 3.24. Let R be a commutative ring, and F an affine flat R-group scheme. Let ϕ : S → T be an F -algebra map. Assume that ϕ(S ⋆ ) ⊂ T ⋆ , and let Q(ϕ) : Q(S) → Q(T ) be the induced map. Then Q(ϕ)(Q F (S)) ⊂ Q F (T ), and 
We define C(T ) and Q ′ T similarly. It is easy to see that (ϕ⊗1)(C(S)) ⊂ C(T ), and
be the induced maps, induced by ω S and ω T , respectively. Then
Next, the five faces except for the top one of the cube
are commutative, where ω 1,S and ω 1,T are the coaction of Q F (S) and Q F (T ), respectively. As h is injective, the top face is also commutative, and hence
Being a restriction of the ring homomorphism Q(ϕ), it is a ring homomorphism, as desired.
is a field, where K sep (resp.K) is the separable closure (resp. algebraic closure) of K. See [CC, Exposé 14] .
Lemma 3.26. Let S be an H-algebra domain. If H is connected, then the field extension Q(S)/Q(S) H is primary.
Proof. Replacing S by Q H (S), we may assume that S = Q H (S) ⊃ Q(S) H . Replacing k by Q(S)
H , we may assume that k = Q(S) H . It suffices to show that for any H-subalgebra T of S which is a finitely generated domain, the assertion of the lemma is true for T , since Q(T ) H = k = Q(S) H , and Q(S) = lim − → Q(T ). Replacing S by T , we may assume that k = Q(S) H , and S is a finitely generated domain (possibly losing the additional assumption S = Q H (S)).
Note that S sep := k sep ⊗ k S is a reduced algebra of finite type over k sep . As k sep ⊗ k Q(S) is essentially of finite type over k sep , it is Noetherian. As it is also integral over the field Q(S), it is zero-dimensional. Being a reduced Artinian ring, k sep ⊗ k Q(S) is a finite direct product of fields. So it agrees with Q(S sep ). Thus it is easy to see that Q(S sep )
. . , P n be the minimal primes of S sep .
Since P * i is P i -primary by [HM, (6.23 )], we have P *
is a field. This shows that Q(S)/k is a primary extension, as desired.
Lemma 3.27. Let K be a field, and Γ an abstract group acting on K as automorphisms. Then the extension K/K Γ is separable.
Proof. We may assume that char(K) = p is positive. Let f 1 , . . . , f n be elements of K which are linearly independent over
and being a subring of a field, (K
Lemma 3.28. Let H be a finite k-group scheme, and S an H-algebra. Then S is integral over S H .
Proof. As S is a subring ofS :=k ⊗ k S, it suffices to show thatS is integral over S H . As (k ⊗ k S) H =k ⊗ k S H is integral over S H , we may assume that k is algebraically closed. As S H = (S H • ) H/H • , we may assume that either H is infinitesimal or reduced.
The reduced case is well-known. If a ∈ S, then f (a) = 0 for f :=
. Assume that H is infinitesimal. Let I be the nilradical of k [H] . Note that I = Ker(ε), where ε is the counit map of k [H] . If I p e = 0 (e ≥ 0), then
So it is easy to see that S p e ⊂ S H ⊂ S. As S is integral over S p e , it is also integral over S H .
Lemma 3.29. Let S be a G-algebra which is a domain. Then the field extension Q(S)/Q(S) G is separable. If G is connected, then the extension Q(S)/Q(S) G is regular.
Proof. By Lemma 3.26, Q(S)/Q(S)
G is primary. As a primary separable extension is regular, it suffices to prove the first assertion.
As in the proof of Lemma 3.26, we may assume that S is finitely generated, and Q(S) G = k. Replacing S by its normalization, we may assume that S is normal. It suffces to show that S is geometrically reduced over k (see (2.17)).
Hence K is an algebraic extension field of k. As K ⊂ Q(S), K is finite over k. It suffices to prove that K is separable over k, and S is geometrically reduced over K. Thus we may assume that G is either connected or finite.
Set S sep := k sep ⊗ k S. It suffices to show that S sep is geometrically reduced over k sep . Then S sep is geometrically reduced over k, and hence S is geometrically reduced over k, as desired. Note that S sep = S 1 × · · · × S n is a finite direct product of normal domains which are finitely generated over k sep .
First assume that G is connected. As S G sep = k sep does not have a nontrivial idempotent, n = 1 by Lemma 2.16. So Q(S sep ) = k sep ⊗ k Q(S) is a field. As
the extension Q(S sep )/k sep is separable by Lemma 3.27. Next consider the case that G is finite. Then Q(S sep ) Γ = k sep as above, where Γ = G(k sep ). Let x ∈ Q(S sep ). Set H = {g ∈ Γ | gx = x}. Let g 1 , . . . , g r be the complete set of representatives of G/H. Then Γ permutes g 1 x, . . . , g r x. So f (t) = i (t − g i x) lies in k sep [t] , and f (x) = 0. So x is separable over k sep . So Q(S sep ) is geometrically reduced over k sep , as desired.
Factoriality of rings generated by semiinvariants
Lemma 4.1. Let R be a discrete valuation ring, ϕ : R → R a ring automorphism, and a ∈ Q(R) \ {0}. Then ϕ(a) · a −1 ∈ R × (note that ϕ can be extended to an automorphism of Q(R), and ϕ(a) makes sense).
Proof. First assume that a ∈ R \ {0}. Let m denote the maximal ideal of R. Let v : Q(R) × → Z be the normalized discrete valuation associated with R.
and Sf is a G-submodule of Q G (S).
Proof. It is easy to see that
is a G(k)-submodule of S. By Lemma 2.12, I is a G-ideal of S. If f = b/a with b ∈ S and a ∈ S ⋆ , then a ∈ I, and hence I contains a nonzerodivisor. As f ∈ S : Q(S) I, f ∈ Q G (S). So Sf is a G(k)-submodule of the G-module Q G (S), and hence it is a G-submodule of Q G (S) by Lemma 2.12 again.
(4.3) Let V be a G-module and f ∈ V . We say that f is a semiinvariant under the action of G if the one-dimensional subspace kf is a Gsubmodule of V . Let X(G) denote the set of isomorphism classes of characters (i.e., one-dimensional G-modules) of G. X(G) is identified with the set of homomorphisms Alggrp(G,
Note that X(G) is then identified with the group of group-like elements of k[G].
For χ ∈ X(G), define
where ω is the coaction of V . Then
(4.4) A scheme X is said to be quasi-(S 1 ), if X is the union of finitely many irreducible closed subsets, and for any two dense open subsets U and
injective. An open subscheme of a quasi-(S 1 ) scheme is again quasi-(S 1 ). The inductive limit lim − → Γ(U, O X ), where U runs through the all dense open subsets of X, is denoted by R(X), and is called the function ring of X. For f ∈ R(X), there is a unique largest dense open subset U(f ) (resp.
Z is a morphism, and
Z is the origin. (4.5) Let S be a commutative ring. Then Spec S is quasi-(S 1 ) if and only if S has only finitely many minimal primes, and S ⋆ = S \ P ∈Min S P , where Min S denotes the set of minimal primes of S. In this case, R(Spec S) = Q(S). If X is a Noetherian scheme, then X is quasi-(S 1 ) if and only if X satisfies Serre's (S 1 )-condition. Lemma 4.7. Let h : Y → X be a faithfully flat quasi-compact morphism between quasi-(S 1 ) schemes. Let f ∈ R(X), and h
Proof. Assume the contrary. Then U(f ) = X. Taking an affine neighborhood V of x ∈ X \ U(f ). Then h : h −1 (V ) → V is a faithfully flat morphism between quasi-(S 1 ) schemes, f can be viewed as an element of R(V ) (because
). Thus this is another counterexample to the lemma where V is affine. Replacing X by V , we may assume that X = Spec A is affine, to get a contradiction. 
This is a contradiction.
Corollary 4.8. Let h : Y → X be a faithfully flat quasi-compact morphism between quasi-(S 1 ) schemes which is an open map, and f ∈ R(X). Then
So it is h −1 (U * (f )).
Lemma 4.9. Let R be a commutative ring, and F an affine flat R-group scheme of finite type. Let ϕ : S → T be an injective F -algebra map between F -algebra domains. Then Q(ϕ)
Proof. We may assume that S ⊂ T and ϕ is the inclusion map. So we may consider that Q(S) is a subfield of Q(T ).
by Lemma 4.7 (recall that X and Y are affine algebraic group-schemes over some fields, and hence are local complete intersections [Has3, (31.14) ], and in particular, (S 1 )). It follows easily that
be the map given by ι T (t) = t ⊗ 1, and ι 1 ⊗ a) . It corresponds to the isomorphism Spec T × F → Spec T × F given by (t, f ) → (f −1 t, f ), and hence γ T is an isomorphism. Let γ
Note that (ω
by Lemma 3.7. This is what we wanted to prove.
(4.10) We give an example of Q F (S). Let R = Z, and F = G n m , the split ntorus over Z. Let S be an F -algebra domain. In other words, S = λ∈Z n S λ is a Z n -graded domain, see [Has, (II. 1.2.1)]. Then Q F (S) is the localization S Γ(S) by the set of nonzero homogeneous elements Γ(S) of S.
We prove this fact. Note that Q F (S) = lim − → Q F (T ) by Lemma 4.9, where the inductive limit is taken over F -subalgebras T of S of finite type over Z. As we have S Γ(S) = lim − → T Γ(T ) , replacing S by T , we may assume that S is of finite type over Z.
So by Lemma 3.11, Q F (S) = I S : Q(S) I, where the union is taken over all the nonzero homogeneous ideals I of S. If α ∈ Q F (S), then α ∈ S : Q(S) I for some I. Taking a nonzero homogeneous element s ∈ I, α ∈ (1/s)S ⊂ S Γ(S) . Conversely, if α = a/s ∈ S Γ(S) with a ∈ S and s ∈ Γ(S), then α ∈ S : Q(S) s ⊂ Q F (S). So Q F (S) = S Γ(S) , as desired.
Lemma 4.11. Let R be a commutative ring, F a smooth affine R-group scheme of finite type. Let A and B be F -algebras, and ϕ : A → B an Falgebra map. Assume that A is Noetherian. Let C be the integral closure of ϕ(A) in B. Then C is an F -subalgebra of B.
Proof. We may assume that A ⊂ B, and ϕ is the inclusion. Let ω : B → B ⊗ R R[F ] be the coaction. Note that the integral closure of [EGA, (6.14.4 
. This is what we wanted to prove.
Lemma 4.12 (cf. Rosenlicht [Ros] ). Let X be a reduced k-scheme of finite type. Then there is a short exact sequence of the form
where K is the integral closure of k in Γ(X, O X ), and ι is the inclusion.
Proof. If f : Y → X is a dominating k-morphism with Y being a reduced k-scheme of finite type, and the lemma is true for Y , then the lemma is true for X. Thus we may assume that X is affine and normal. If the lemma is true for each connected component of X, then the lemma is true for X. So we may assume that X is an affine normal variety. Replacing k by K, we may assume that K = k. Let X ֒→X be an open immersion k-morphism such thatX is a projective normal variety. Let V 1 , . . . , V n be the codimension one subvarieties ofX, not intersecting X. Let v 1 , . . . , v n be the corresponding normalized discrete valuations of k(X). Then
. The assertion follows.
Lemma 4.13 (cf. [Kam, (3.11) ], [Pop2, Theorem 1]). Let G be connected. Let S be a G-algebra domain which is finitely generated over k.
Then for f ∈ Q(S), the following are equivalent.
(a) f ∈ Q G (S), and f is a semiinvariant of Q G (S).
In particular, any unit of S is a homogeneous unit of S G .
Proof. We prove the equivalence. We may assume that f = 0. Set X := Spec S.
) be the map induced by the coaction. Then as f is a semiinvariant,
). Now by Corollary 4.8,
′ be the normalization of S, and π : Spec
is the union of some codimension-one subvarieties, U * (π * (f )) is also G-stable. So we may assume that S is normal. Then we have K ⊂ S. Being the integral closure of k in S, K is a G-subalgebra of S by Lemma 4.11. Then by Lemma 2.18, K is G-trivial.
Assume that Kf is a K ⊗ k G-submodule of Q G (S). Then there is a onedimensional k-subspace kcf of Kf which is a G-submodule of Kf for some c ∈ K. But since c is G-invariant, kf is also a G-submodule of Kf , and hence f is semiinvariant. Thus replacing k by K and G by K ⊗ G, we may assume that k = K.
By [EGA, (6.14. 2)] and [EGA, (6.14.4) ], k sep ⊗ k S is a normal domain, and k sep is integrally closed in k sep ⊗ k S. See also [CC] .
is a k sep ⊗G-submodule if and only if 1⊗f is a semiinvariant under the action of k sep ⊗ G. On the other hand, the canonical map ρ :
Let V be a finite dimensional G-submodule of S which generates S as a k-algebra. Then
is a sequence of immersions which are G-morphisms. Let Z denote the normalization of the closure of the image of the composite of these morphisms. Then Z is a k-projective normal G-variety, and X is its G-stable open subset, as can be proved easily using Lemma 3.9.
We want to prove that kf is a G-submodule of S. This is equivalent to say that kf is a G(k)-submodule of S by Lemma 2.12, since G(k) is dense in G by [Bor, (AG13. 3)]. So it suffices to show that for any g ∈ G(k),
So let g ∈ G(k) and V be a codimension one subvariety of Z.
Discussing as in the proof of (b)⇒(a), we may assume that S is normal, and
Hence for a height-one prime ideal P of S,
It follows that J := P ∈X 1 (S), (Sf ) P =S P P is a G-stable ideal of S. Hence
, which has already been proved, we have that f is a semiinvariant.
We prove the last assertion. Set A := S G . Let f ∈ S × . Then Sf = S, and hence f is a homogeneous element of A by the first assertion, which has already been proved. Similarly, f −1 ∈ A. This shows that f is a unit of A.
Lemma 4.14. Let S be a G-algebra domain, and f ∈ Q G (S). If Sf is a G-submodule of Q G (S), then there is a finitely generated G-subalgebra T of
Proof. We can write f = b/a with a, b ∈ S and a = 0. Let V be a finite dimensional G-submodule of Sf containing f . Let s 1 f, . . . , s n f be a k-basis of V , where s 1 , . . . , s n ∈ S. Let T be a finitely generated G-subalgebra of S containing a, b, s 1 , . . . , s n . Then V ⊂ Q(T ) ∩ Q G (S) = Q G (T ) by Lemma 4.9.
, and f is a semiinvariant. If, moreover, X(G) is trivial, then f ∈ S G .
Proof. We show that kf is a G(k)-submodule of Q(S). Let g ∈ G(k). Then since Sf = g(Sf ) = S(gf ). It follows that gf = uf for some u ∈ S × = k × . Now write f = a/b with a, b ∈ S, b = 0. Let T be a finitely generated Gsubalgebra of S containing a and b. Then kf is a G(k)-submodule of Q(T ). In particular, T f is a G(k)-submodule of Q(T ), and hence f ∈ Q G (T ) ⊂ Q G (S) by Lemma 4.2. Since kf is a G(k)-submodule of Q G (T ), f is a semiinvariant by Lemma 2.12. The last assertion is trivial.
Remark 4.19. Let k be an algebraically closed field.
(ii) If N is a unipotent group, then X(N) is trivial. In particular, X(G) is trivial if and only if X(G/R u ) is trivial, where R u is the unipotent radical of G. Note that the identity component of G/R u is reductive. (iv) In particular, if G
• /R u is semisimple and the order of G/G • is a power of p, then X(G) is trivial.
is a finitely generated free abelian group. X(G) is trivial if and only if G/R u is semisimple if and only if the radical of G is unipotent.
Lemma 4.20. Let R be a commutative ring, F an affine flat R-group scheme, and S an F -algebra, A = S F , and f ∈ A ∩ S ⋆ . Then Af = Sf ∩ A.
Proof. The multiplication by f induces an (F, S)-isomorphism f : S → Sf . Taking the F -invariance, we have that the multiplication f : A → (Sf ) F = Sf ∩ A is an isomorphism.
Lemma 4.21. Let R be a Noetherian commutative ring, and
be an exact sequence of affine R-group schemes flat of finite type. Assume that T ∼ = G n m is a split torus. Let S be a Noetherian F -algebra which is an F -domain. That is, Spec S is F -integral, see [HM, (4.12) ]. Assume that for any height one F -prime F -ideal P such that P ∩ S N is a minimal prime of a nonzero principal ideal, P ∩ S N is principal (for the definition of an F -prime F -ideal, see [HM, (4.12) 
Proof. Set A := S N . Note that A is a T -algebra so that A is an F -subalgebra of S in a natural way by Lemma 2.10. As 0 of S is an F -prime F -ideal, 0 = 0 ∩ A of A is also an F -prime F -ideal by [HM, (4.14) ]. So 0 of A is a T -prime T -ideal. As T is R-smooth with connected fibers, 0 is a prime ideal of A by [HM, (6.25)] . That is, A is an integral domain.
Note that A is a Z n -graded R-algebra. Assume that A is not a UFD. Then, by Lemma 2.22, there is a nonzero homogeneous element of A which is not a unit or a product of prime elements. As S is Noetherian, the set
and not a product of prime elements in A} has a maximal element Sa with a ∈ A \ (A × ∪ {0}). Note that Sa = S, otherwise a ∈ S × ∩ A = A × . If P is a height zero associated prime of Sa, then 0 = P * ⊃ (Sa) * = Sa ∋ a = 0, and this is a contradiction. So any minimal prime of Sa is height one. As the F -prime 0 of S does not have an embedded prime [HM, (6. 2)], a is a nonzerodivisor in S. In particular, Sa ∩ A = Aa by Lemma 4.20.
Let
Indeed, each P i ∩ A is a prime ideal containing Aa by [HM, (4.14) ] and [HM, (6.25) ]. On the other hand,
So there is some i such that P i ∩ A is a minimal prime of Aa. Replacing P i by a smaller one if necessary, we may assume that P i is minimal so that ht P i = 1. Now P i ∩ A = Ab for some b ∈ A \ (A × ∪ {0}) by assumption. So a is divisible by a prime element b. As a is homogeneous, b and a/b are homogeneous elements of A.
. The choice of a shows that either a/b is in A × , or a/b is a product of prime elements. So a = b · (a/b) is a product of prime elements. This is a contradiction, and A is a UFD. For a G-module M, Corollary 4.23. Let G be connected. Let S be a Noetherian G-algebra domain. Assume that for any G-stable height one prime P such that P ∩ S G is a minimal prime of a nonzero principal ideal, P ∩ S G is principal. Then S G is a UFD.
Lemma 4.24. Let R be a commutative ring, F an affine flat R-group scheme of finite type. Let S be a Noetherian F -algebra. If P is a prime ideal which is an F -ideal, then P (n) := P n S P ∩ S is an F -ideal for n ≥ 1.
Proof. The only minimal prime of P n is P . In particular, the only minimal F -prime of P n is P * = P . Let I be the F -primary component of P n corresponding to the minimal F -prime P (it is unique, see [HM, (5.17)] ). It has only one associated prime P by [HM, (6.13) ]. So by [HM, (6.10) ], I is the P -primary component P n . Thus I = P (n) , and P (n) is an F -ideal.
Theorem 4.25. Let S be a finitely generated G-algebra which is a normal domain. Assume that G is connected. Assume that X(G) → X(K ⊗ k G) is surjective, where K is the integral closure of k in S. Let X 1 G (S) be the set of height one G-stable prime ideals of S. Let M(G) be the subgroup of the class group Cl(S) of S generated by the image of
Assume that if P ∈ Γ, then either the height of P ∩ A is not one or P ∩ A is principal. Then for any G-stable height one prime ideal Q of S, either the height of Q ∩ A is not one or Q ∩ A is a principal ideal. In particular, A is a UFD. If, moreover, X(G) is trivial, then S G = A is a UFD.
for some P 1 , . . . , P r ∈ Γ. We may assume that n 1 , . . . , n s ≥ 0, and n s+1 , . . . , n r < 0. Let I = P Now assume that Q ∩ A is height one. Then the left hand side is a divisorial fractional ideal of the Krull domain A, and hence so is the right hand side. Applying Lemma 2.6, if p ∈ X 1 (A) and ((I : Q(S) J) ∩ Q(A)) p = A p , then n p (I : Q(S) J) = 0. In particular, there exists some P ∈ X 1 (p) such that v P (I : Q(S) J) = 0. Such a P must be one of P 1 , . . . , P r , and lies in Γ. This forces that p is principal, by assumption. This shows that α(Q∩A) = (I : Q(S) J) ∩ Q(A) is principal. So Q ∩ A is also principal, as desired.
We prove that A is a UFD. As A is a Krull domain, P is a height one prime if and only if it is a minimal prime ideal of a nonzero principal ideal. By Lemma 4.23, A is a UFD.
Theorem 4.26. Let G be connected. Let S be a G-algebra of finite type over k. Assume that S is an integral domain. Assume that X(G) → X(K ⊗ k G) is surjective, where K is the integral closure of k in Q(S). Set A := S G . Assume that if P is a G-stable height one prime ideal of S such that if P ∩ A is a minimal prime of some nonzero principal ideal, then P is a principal ideal. Then (i) If P is a G-stable height one prime ideal of S such that P ∩A is a minimal prime of a nonzero principal ideal, then P = Sf for some homogeneous prime element f of A.
(ii) A is a UFD.
(iii) Any homogeneous prime element of A is a prime element of S.
Proof. (i) By assumption, we can write P = Sf with f ∈ S. By Lemma 4.13, f is a homogeneous element of A. As Af = A ∩ P by Lemma 4.20, f is a prime element of A.
(ii) Let P be a G-stable height one prime ideal such that P ∩ A is a minimal prime ideal of a nonzero principal ideal. Note that P = Sf for some prime element f ∈ A by (i). Then P ∩ A = Af is principal. Now by Corollary 4.23, A is a UFD.
(iii) Let a be a homogeneous prime element of A. Let P be a minimal prime of Sa such that P ∩ A = Aa. Then P = Sb for some homogeneous prime element b of A by (i), and Ab = P ∩ A = Aa. Hence Sa = Sb = P , and a is a prime element of S.
(iv) is trivial.
Corollary 4.27 (cf. [Pop2, p. 376] ). Let G be connected. Let S be a Galgebra of finite type over k. Assume that S is a UFD. Assume that X(G) → X(K ⊗ k G) is surjective, where K is the integral closure of k in S. Then A := S G is a UFD. Any homogeneous prime element of A is a prime element of S. If, moreover, X(G) is trivial, then S G = A is a UFD.
We can prove Corollary 4.27 without assuming that S is finitely generated.
Proposition 4.28. Let G be connected. Let S be a G-algebra. Assume that S is a UFD. Assume also that X(G) → X(K ⊗ k G) is surjective, where K is the integral closure of k in S. Then A := S G is a UFD. Any homogeneous prime element of A is a prime element of S.
Proof. Let f ∈ A\(A × ∪{0}) be a homogeneous element. Then f ∈ S \(S × ∪ {0}). Let f = f 1 · · · f r (r ≥ 1) be a prime factorization of f in S. For each i, the scheme theoretic image V (Sf i ) * of the action G × V (Sf i ) → Spec S is integral by Lemma 2.15, is contained in V (Sf ) (because Sf is a G-stable ideal), and contains V (Sf i ). But there is no integral closed subscheme E of Spec S such that
. In other words, Sf i is G-stable. By Lemma 4.13, f i ∈ A. By Lemma 4.20, Af i = Sf i ∩A, and hence f i is a prime element of A. This shows that f has a prime factorization in A, and A is a UFD by Lemma 2.22. Moreover, if f is not irreducible in S and r ≥ 2, then f is not irreducible in A. This shows that any homogeneous prime element of A is a prime element of S.
Lemma 4.29 (cf. [Pop2, p. 376] ). Let S be a G-algebra which is a UFD.
Using induction on r, we prove that f has a prime factorization in A.
As G(k) leaves the ideal Sf stable, G(k) acts on the set of prime ideals Γ = {(f 1 ), . . . , (f r )}. Let Γ 1 be a G(k)-orbit, and let Γ 1 = {(f i 1 ), . . . , (f is )}, with (f i j ) distinct. Set h = j f i j . Then G(k) only permutes the elements of Γ 1 , and the ideal Sh is G(k)-invariant. By Lemma 4.17, h ∈ A. If a, b ∈ A and ab ∈ hA, then either a
Using the induction assumption, f /h is either a unit, or has a prime factorization in A. So f = h(f /h) has a prime factorization in A, as desired.
Lemma 4.30 (cf. [Hoc, section 6] , [Pop1, Lemma 2] ). Let S be a G-algebra which is a UFD. Assume that
The assertions follow immediately from Lemma 4.29.
The Italian problem on invariant subrings
The following is a refinement of [Pop1, Lemma 1] . See also [Kam, (3.14) ].
Proposition 5.1. Let G be connected. Let S be a G-algebra which is a Krull domain. Assume also that any G-stable height one prime ideal of S is principal. Moreover, assume that
Clearly I is divisorial. Let P 1 , . . . , P s be the minimal primes of I. Each P i is height one, and is G-stable by Lemma 2.15. So P i = Sf i for some f i ∈ S by assumption. Then f i is a semiinvariant by Lemma 4.13. Now f := (f 1 · · · f s ) n ∈ I \ {0} for sufficiently large n. Then h := f (a/b) ∈ S is also a semiinvariant. So h ∈ A. Then a/b = h/f ∈ Q T (A) by (4.10). This shows that
On the other hand,
The last assertion is obvious.
Remark 5.2. The heart of the argument above is in [Kam, section 3] .
(5.3) Let X be an (S 1 ) k-scheme of finite type on which G acts. Let Φ : G × X → X × X be the morphism Φ(g, x) = (gx, x). Let g := dim G, and s = g − min{dim G x | x ∈ X}, where G x is the stablizer of x. That is, G x = Φ −1 (x, x). It is a closed subgroup scheme of G × x over x. Set U := {x ∈ X | dim G x = g − s}. Note that U is a non-empty open subset of X. Let b : G × X → X be the map given by b(g, x) = g −1 x. Let p 2 : G × X → X be the projection. Both maps are flat, so the maps b * : R(X) → R(G × X) and p * 2 : R(X) → R(G × X) are induced. We denote
In particular, dim G x ′ = dim G x . So replacing X by X ′ , we may assume that X is normal. Let K be the integral closure of k in Γ(X, O X ). Then K is integrally closed in k(X) by normality. Note that Γ(X, O X ) is a G-algebra, and thus K is a G-subalgebra of Γ(X, O X ). So G acts on K trivially. Replacing k by K, we may assume that k = K. Then taking a base change by k sep , we may assume that k = K = k sep .
The morphism Φ : G × X → X × X induces α : k(X) ⊗ k(X) → C, where C = {ψ ∈ k(G × X) | ∀g ∈ G(k) (g × X) ∩ U(ψ) = ∅}. Note that α(f ⊗ h) = a * (f )(1 ⊗ h), where a : G × X → X is the action. As a * (f ) = 1 ⊗ f for f ∈ k(X) G , α inducesᾱ : k(X) ⊗ k(X) G k(X) → C. For any g ∈ G(k), g : C → k(X) given by (gψ)(x) = ψ(g, x) is well-defined. Note that g(a * (f )) = g −1 f . We show thatᾱ is injective. Let Corollary 5.9. If S is normal, then Q(S G ) = Q(S) G if and only if there exists some closed point x ∈ Spec S such that dim Gx ≥ r.
Proof. As s = max{dim Gx | x ∈ X}, there exists some closed point x ∈ Spec S such that dim Gx ≥ r if and only if s ≥ r. As r ≥ s is always true, this is equivalent to say that s = r. The assertion follows from Lemma 5.8.
6. Examples (6.1) Let n ≥ m ≥ t ≥ 2 be positive integers, V = k m , W = k n , and M := V ⊗ W . Let v 1 , . . . , v m and w 1 , . . . , w n respectively be the standard bases of V and W . Note that GL m × GL n = GL(V ) × GL(W ) acts on M in a natural way. Let U ⊂ GL m be the subgroup of unipotent upper triangular matrices. Then U is connected, andk ⊗ k U does not have a nontrivial character. Note that Sym M = k[x ij ] 1≤i≤m, 1≤j≤n is a polynomial ring in mn variables, where x ij = v i ⊗ w j . The ideal I t of Sym M generated by the t-minors of (x ij ) is a GL m -stable ideal. Set S := k[M]/I t .
The class group Cl(S) of S is Z, see [BV, (8.4) ]. So S is not a UFD. Let P be the ideal generated by the (t−1)-minors of the first (t−1) rows of (x ij ). Then P is U-stable, and the class P of P in the class group Cl(S) ∼ = Z is a generator, see [BV, (8.4) ].
As I t is GL m × GL n -stable, GL m × GL n acts on S in a natural way. By [Gro, Theorem 9] , S U is finitely generated over k. Note that S U ∼ = λ ∇ GLn (λ) as a GL n -algebra, where λ runs through all the sequences (λ 1 , . . . , λ t−1 ) such that λ 1 ≥ · · · ≥ λ t−1 ≥ 0, and ∇ GLn (λ) denotes the dual Weyl module of highest weight λ. Letting ∇ GLn (λ) be of degree λ 1 + · · · + λ t−1 , such a GL n -algebra has the same Hilbert function as the Cox ring of GL n /P, where P is the parabolic subgroup of (a ij ) ∈ GL n with a ij = 0 for j > i < t. The dimension of GL n /P is (t − 1)(n − t/2), and the rank of the class group of GL n /P is t−1. So dim S U = (t−1)(n+1−t/2). On the other hand, P U = I U t−1 , and hence it is easy to see that S U /P U ∼ = (S/I t−1 ) U , and its dimension is (t − 2)(n + 1 − (t − 1)/2). So the height of P U is n − t + 2 ≥ 2. In order to apply Theorem 4.25 to conclude that S U is a UFD, it remains to show that there is an orbit U · x of Spec S whose dimension is equal to dim S − dim S U by Corollary 5.9. Note that dim S = (t − 1)(m + n − t + 1) by [BV, (1.1) ]. So dim S − dim S U = (t − 1)(m − t/2).
Next, Spec Sym M = M * = V * ⊗ W * ∼ = Hom(W, V * ) ∼ = Mat(m, n; k). As matrices, g ∈ GL m acts on A ∈ M * = Mat(m, n; k) by g · A = t g −1 A, where the product on the right hand side is the usual multiplication of matrices. Set x ∈ (Spec S)(k) = {A ∈ Mat(m, n; k) | rank A < t} to be the matrix
where O i,j is the i × j zero matrix, and E t−1 is the identity matrix of size t − 1. Then
where U − (resp. U − t−1 ) is the group of m×m (resp. (t−1) ×(t−1)) unipotent lower triangular matrices. So dim U · x = (t − 1)(m − t/2), as desired. This proves that S U is a UFD. There is another way to show that S U is a UFD. Some more argument shows that S U is isomorphic to the Cox ring of GL n /P (we omit the proof). We can invoke [EKW, Corollary 1.2].
(6.2) Let k be a field of characteristic 3. Let G be the cyclic group Z/3Z with the generator σ. Let Λ be the group algebra ZG, and M the left ideal Λ(1 − σ) of Λ. Then G acts on the group algebra S = kM. Let A = 1−σ and B = σ(1−σ). Then S = k[A ±1 , B ±1 ] is the Laurent polynomial ring, and G acts on S via σA = B, and σB = (AB) −1 . So G acts on Spec S ∼ = A 2 \ {the coordinate lines} via σ(x, y) = (1/xy, x). Thus the only fixed point is (1, 1) , and G acts freely on Spec S \ {(1, 1)}. Thus the action of G on S is effective (i.e., G → Aut S is injective), and Spec S → Spec S G iś etale in codimension one. As S is a UFD, the class group of S G is H 1 (G, S × ) by [Fos, (16.1)] .
Let u ∈ S × . Then there exists some (m, n) such that
So we have an isomorphism of Λ-modules S × ∼ = k × ⊕ M. Now we compute the cohomology group of S. Take the resolution × , then 1 − σ on N is the zero map, while 1 + σ + σ 2 is the action of 3. Namely, the map α → α 3 . So H 1 (G, k × ) = Ker 3 is trivial. On the other hand, if N = M, then 1 + σ + σ 2 on N is zero, and H 1 (G, M) ∼ = M/M(1 − σ) ∼ = Z/3Z. This shows that Cl(S G ) ∼ = H 1 (G, S × ) ∼ = Z/3Z is not trivial, and S G is not a UFD. On the other hand, there is no nontrivial homomorphism G → S × ∼ = k × ⊕ M, since k is of characteristic 3, and M is torsion free. This example shows that the assumption (iii) in Theorem 1.1 cannot be removed.
We compute S G more precisely. Let D be the group algebra kΛ. Then D = k[X With the right regular action, S is a G-algebra, and ω(f ) = f ⊗ A + xf ⊗ C ∈ Sf ⊗ k k [G] . So ω S (Sf ) ⊂ Sf ⊗ k k [G] , and Sf is a G-ideal. However, f is not a semiinvariant. It is a semiinvariant of K ⊗ k G. Thus the assumption that X(G) → X(K ⊗ k G) is surjective in Lemma 4.13 is really necessary. . Then S is a finitely generated UFD over R, G is connected, X(G) is trivial (however, X(C ⊗ R G) is nontrivial), but S G = C[xs, xt, ys, yt] is not a UFD. The assumption that X(G) → X(K ⊗ k G) is surjective in Corollary 4.27 cannot be removed.
